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A SYMPLECTIC CONSTRUCTION OF CALABI’S EXTREMAL KAHLER 
METRICS ON THE BLOW-UP OF CP" AT ONE POINT 


ALEKSIS RAZA 


Abstract. We apply a local differential geometric framework from Kahler toric geome¬ 
try to (re)construct Calabi’s extremal Kahler meti'ics on CP" blown-up at a point from data 
on the moment polytope. This note is an addendum to [Raz04a]. 


1. Recollection OF RELEVANT RESULTS 

Using a construction from symplectic toric geometry (see §1 of [Raz04a]) we proved 
the following 

Theorem 1 ([Raz04b]). Suppose T’' acts on C" (with its fixed standard symplectic struc¬ 
ture) via the standard linear action so that the moment polytope Acn of the moment map 
corresponding to this action is the positive orthant in R” = (K")* with standard 
symplectic (action) coordinates = jdzi p,..., |z„p), where (zi,...,z„) are the 

standard complex coordinates on C" \ {0}. Now consider the S\J{n)-invariant Kahler met¬ 
ric hf on C\ {0} determined by the standard complex structure on C" and the Kahler po¬ 
tential f{s) where s = Y 4 =i kiP- Then there exists a Kahler isometry between the Kahler 
manifold (C” \ {0},hf) and the Kahler manifold (C" \ {0},/i^) where hg is the SU(n)- 
invariant Kahler metric on C" \ {0} determined by the standard symplectic structure on 
C" and the symplectic potential 

(1) g{x) = i ^y^^;c,log;c, +U(f)^ 

which is a smooth function defined on the interior A^„ = M” q of Acn, where 

i=i 

and 

F(t) = f log {s{t)r^) - 2f{s(t)) 

which we call the t-potential of (1). Furthermore, the scalar curvature ofhg (and hence of 
hf) is given (in the coordinates x) by 

(2) S{g) = t^-" (f"+'u"(f)(l + tF”{t))-^Y. 

Conversely, any function of the form g{x) on A^„ with F{t) satisfying F"(t) > deter¬ 
mines such a Kahler metric. 

Note that SU(n)-invariant Kahler metrics on C" \ {0} are in fact U(n) (hence T")- 
invariant which is why the above result comes about using ideas from toric geometry. 
Motivated by the discussion in §3 of [Abr03] and the example in §6 of [Abr98] we shall 
now use this theorem to (re)construct a family of extremal Kahler metrics on certain CP^ 
bundles over CP"^' originally identihed by Calabi [Cal82]. 
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2. Calabi’s extremal Kahler metrics on CP 


According to Abreu 

Theorem 2 ([Abr98]). A toric Kahler metric determined by a symplectic potential g{x) is 
extremal if and only if 

(3) TT— = constant 

u Xi 

for i = i.e. its scalar curvature 


(4) 


S{g) 


1 " 

2 Aj dxidxj 


is an affine function of x. Here G‘^ is the {i,j)th entry of inverted hessian matrix G ' ofg. 


In §3, pp.278-88 of [Cal82] Calabi constructed extremal Kahler metrics of non-constant 
scalar curvature on certain CP^ bundles over CP”^^ Since the total space of these bundles 
is P(^(— 1 ) 0 C) i.e. the projectivization of the direct sum of the tautologous line bundle 
over CP”^^ with the trivial line bundle, one may equally regard these manifolds as the 

n 

blow-up of CP" at a point, CP . Calabi constructed these metrics using a scalar curvature 
formula ((3.9) in §3 of [Cal82]) for Kahler metrics on C" \ {0} (considered as an open 
set in these bundles) invariant under U(n) (the maximal compact subgroup of the group 
of complex automorphisms of these bundles) and then imposing the appropriate boundary 
conditions. This scalar curvature formula was 

(5) S{f) = {n-l)v'{J) {f{f))-^+v"{J) (/"(?))-' 

where v(s) = nJ— {n — l)log/'(s) — log/"(s) and s' = logs. Using the symplectic (ac¬ 
tion) coordinate t = (5) becomes of the extremely simple form (2). We will now 

(re)construct Calabi’s metrics using (2) and working on the Delzant moment polytope Agjn 

of the symplectic toric manifold CP . Our motivation for doing this came from the discus¬ 
sion in §3 of [Abr03]. 


2.1. The construction. Aq," consists of n-|-2 facets and these are determined by the 
affine functions 


(6) 


Ifx) = 


Xi i 

t — a i = n-\-\ 
b — t i = n-\-2 


where 0 <a<b. The constants a,b determine the cohomology class of the extremal Kahler 
metrics we are about to construct. The extremal condition (3) in the U(n)-invariant scenario 
becomes dS/dt = constant i.e. S = At+B for constants A,B. Thus we have (2)=Af-fB. 
Solving this for F" gives 


(7) 


F’\t) 


pt”-^ 

pf' — a 


1 

t 


where p = n{n -\- l){n + 2) and 

( 8 ) a(f) =nAf"+2-f (n-f2)Bf"+'-fp(Cf-f-D) 


for constants C,D. (7) is a general formula for the t-potential of any extremal metric on 
C" \ {0}. We denote by Tq," the f-potential of the extremal Kahler metrics we are after. 
By (1) the symplectic potential of these metrics is 2gQ,n = L”=i 0 'logx,' -fTgpn (f) which is 

n+2 

E k^ogk + hQn{t) 

i=\ 



( 9 ) 
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in the form (2.9) of Abreu’s Theorem 2.8 in [Abr03] with the given by (6). Therefore 
^cp" ^ “ ^Si+I Differentiating this twice gives 

nm h" (A-p” -2apt’' + abpe-'^-ca 1 

( 0) {^ptn_a){t-a){t-b) t 

where c = b —a. Thus a <t <b and the boundary conditions are that as f), a and t ] b then 

(11) pf"+* — 2apt'‘ + abpt"^' — ca w {pt" — a)(t — a){b — t). 

Consider the former condition. Let t = a + e for small e > 0 and ignore terms of 0{e^) 
and above. Then (8) gives a = aa + 0{e^) where aa=Xa + eYa with 

( 12 ) Xa = na'^+^A + {n + 2)a''+^B + paC + pD 

and 

(13) Ya = n(n + 2)Aa"+' + (n+ l)(n + 2)Ba" + joC. 

Now {t — a){b — t) = —ce + 0{e^) and pt" — aa = pa"+pna''^^e — aa + 0{e^). Therefore 
(/3f” — a){t — a){b — t) = —cpa”e + cXaE + 0{e^). An analogous calculation shows that 
pfA^ — 2apt^ + abpt"^' = cpa" + cpa"^^{n — l)e + 0{e^). Hence (11) gives cpa" + 
cpa''^^{n — l)e — cXa — cYaE = —cpa"E + cXaE which rearranges into pa'^ + {pa'‘^^{n — 
1) + pa^)E =Xa-\- (Xa + Ya)E. Comparing coefficients shows that 

(14) Xa=pa'^ 
and Xa + Ya= pa"^ *(«—!)+ pa" i.e. 

(15) T, = (n-l)pfl”-'. 

The calculations for the second condition t ] b follow in similar way i.e. we consider 
t = b — E for small e > 0. By (8) we have that a = + (9(e^) with ah=Xi, — eY), where Xt, 

and}); are (12) and (13), respectively, with a replaced by 1?. Also [t — a){b—t) = ce + (9(e^) 
so that (pf" — a){t — a){b — t) = cpb’^E — cXhE. Furthermore, pf"+* — 2apt" + abpt"^^ = 
pcb" — (n + l)pcb"^^E + O(e^). By (11) we get pcb" — (n + l)pcb"^^ — cXh + cYtE = 
cpb^E — cXhE which rearranges to give pcb’' — {{n + l)pcb'‘^^ + cpb’’)E = cXi, — c{Xf, + 
Yi,)e. Comparing coefficients gives 

(16) Xh=pb’’ 
and Afo + Tfe = ((«+ l)pfe"^' + pb") i.e. 

(17) Yh = {n+l)pb'’-\ 

Thus (14)-(17) give us four linear equations in the unknowns A,B,C,D. Solving these 
simultaneously reveals 

. _ {n+l){n+2){{ab)"-'{na^(n+l)+nb^(n-l]-2ab{n^-l))-2a^") 


( 18 ) 


D _ n(«+I)((a&)"-‘(a^(n&(n+2)-a(n+I)^)+fa^(fc(I-«^)+Q(n^-4)))+3Q^"+'+fc^"+‘) 

“ (afo)"(2n(n+2)a&-(a2+Z;2)(„+i)2)+a2(n+l)^^2(n+l) 

p _ (afo)"-‘(("+l)(Q"~^^-Qfo"+^-3fcQ"+^)+((«-l)fc"+^+2(«+2)bV+')) 

(^(t))'^(2n(H+2)^/Z>—(i/2+/;2j(^n+I)2)+fl2(«+I)^^2(n+l) ’ 


„ _ (Qfc)"(fc"+'(«-%-2))-2aV(n+I)-na"+‘(a-3fc)) 

“ {afo)"(2n(«+2)a&-(a2+Z;2)(„+i)2)+Q2(n+l)_|_^2(n+l) 

(cf. (3.13) in [Cal82]). Substituting (18) into (7) and (9) gives the (second derivative of 
the) f-potential F^n and the function hQn of the extremal Kahler metrics, respectively. 
We conclude that 
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Corollary 3. There exists a family o/U {n)-invariant, extremal Kahler metrics on CP and 
these are determined by the symplectic potential (9) on where h^nf) is a smooth 
function on [a^b] G (0,oo) given by {\Q) (as determined by (18)j, and the real numbers a,b 
parameterize the cohomology class of these extremal Kahler metrics. Furthermore, the 
scalar curvature of these extremal Kahler metrics is =At+B with A,B as given 

by(m. 

Example 4. In §6 of [Abr98] Abreu derived a formula for the symplectic potential of 

— 2 

Calabi’s extremal metric on CP by Legendre transforming the Kahler potential (as derived 

by Calabi) for this extremal Kahler metric into symplectic coordinates. By his conventions 

— 2 

0 < a < I, b = I and n = 2 i.e. a is the amount by which CP is blown-up. Setting these 
values in (18) gives 

A _ -24a D _ 6(3a^-l) ^ _ (3a^-l)a ^ _ -2a^ 

a^+3a2—3a—P a^+3a2—3a—P a^+3a2 —3a—P A+3a^—3a—l' 

Substituting these into (10) gives 

^ 2a{l-a) _1 

CP^ 2afi + t — a^t + 2at + 2a^ t 
which is exactly Abreu’s equation (24) in [Abr98]. 
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